Science and Technology for Sustainable Future https://www.kdpublications.in
ISBN: 978-93-48091-58-1

9. On Neutrosophic i-open Set

Sudeep Dey

Department of Mathematics,
Science College, Kokrajhar, Assam, India

Gautam Chandra Ray

Department of Mathematics,
CIT Kokrajhar, Assam, India

Babla Chandra Ghosh

Department of Mathematics,
Science College, Kokrajhar, Assam, India

Abstract:

The purpose of this article is to introduce neutrosophic i-open set, neutrosophic i-closed set
and study some basic properties. We also define neutrosophic i-interior and neutrosophic
i-closure of a neutrosophic set and then investigate some properties involving them.
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9.1 Introduction:

The notion of a neutrosophic set was coined and studied by Florentin Smarandache
(Smarandache, 1999, Smarandache, 2002 Smarandache, 2005). A neutrosophic set is
knotted with three membership functions which are the truth-membership function,
falsity-membership function, and indeterminacy-membership function and it is notable
that all these three neutrosophic factors are unbiased to one another. After Smarandache
had added the thought of neutrosophy, several researchers (Salama and Alblowi,
2012, Salama and Alblowi, 2012, Wang et al. 2010) throughout the globe studied
and contributed to the upliftment of this theory. With the help of neutrosophic theory,
many real-life problems can be dealt with in a more general and appropriate way.
Different kinds of practical-based works (Abdel-Basset et al. 2020, Dey and Ray, 2022,
Guo and Cheng, 2009), had been carried out in a neutrosophic environment.

In the year 2012, Salama & Alblowi (Salama and Alblowi, 2012), introduced
neutrosophic topological space asa generalization of intuitionistic fuzzy topological
space developed by D. Coker (Coker, 1997), in 1997. Later, various concepts related to
neutrosophic topological spaces were developed by many researchers (Arokiarani et al.
2017, Dey and Ray, 2022, Karatas and Kuru, 2016, Salama and Alblowi 2012,
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Salama et al. 2014). Different types of open and closed sets in connection with
neutrosophic topological spaces were also introduced by the researchers. Iswaraya and
Bageerathi (Ishwarya and Bageerathi, 2016), explored the concept of neutrosophic
semi-closed and semi-open sets in 2016. Rao and Rao (Rao and Rao, 2017)in their work
introduced neutrosophic pre-open and pre-closed sets in neutrosophic topologicalspaces.
Puvaneswari & Bageerathi (Puvaneswari and Bageerathi, 2017) developed the idea of
neutrosophic feebly open sets and closed sets. The study by Al-Omeri and Jafari ( Al-
Omari and Jafari, 2018) focused on generalized neutrosophic pre-closed sets and
generalised pre-open sets. Ebenanjar et al. (Ebenanjar et al. 2018), in 2018, introduced
the conceptof neutrosophic b-open sets and b-closed sets. After that, Maheswari et al.
(Maheswari et al. 2018) extended the research to neutrosophic generalized b-open sets and
generalized b-closed sets. D. Jayanthi (Jayanthi, 2018) developed idea of neutrosophic «
generalized closed sets. The author studied and analyzed their properties thoroughly. Das
and Pramanik (Das and Pramanik, 2020) introduced generalized neutrosophic b-open sets
and investigated some of their properties. The concept of neutrosophic simply b-open
set inneutrosophic topological spaces was revealed by Das and Tripathy (Das and Tripathy,
2021). The authors established various results with some illustrative examples. Recently, V.
Banu Priya et al. (Priya et al. 2022) introducedneutrosophic a-generalized semi closed sets
and neutrosophic a-generalized semi open sets and discussed some of its basic properties.
The authors also inspected their connections with the existing neutrosophic closed and open
sets.

In this article, we introduce a new kind of open set which we call neutrosophic i-open
set and study some basic properties. We also define neutrosophic i-interior and
neutrosophic i-closure of a neutrosophic set and try to investigate some properties
involving them. The article is organized by conferring some basic concepts in the second
section. In third section, we focus on the main points of this study. In the last section,
we bestow a conclusion.

9.2 Preliminaries:

Definition 9.2.1: (Smarandache, 2002)

Let X be the universe of discourse. A neutrosophic set A over X is defined as
A = {(X, Ta(x), 1a(X), Fa(X)) : X € X}, where the functions Ta, la, Fa are real standard
or non- standard subsets of 170, 1*[, i.e., TA: X —> 170, 1*[, Ia : X — 710,21, Fa :
X — 10,1 [and 0 < Ta(X) + 1a(X) + Fa(x) < 3".

The neutrosophic set A is characterized by the truth-membership function T,
indeterminacy-membership function 1, falsehood-membership function Fa.

Definition 9.2.2: (Wang et al. 2010)
Let X be the universe of discourse. A single-valued neutrosophic set A over X is

defined as A = {{X, Ta(x), 1a(x), Fa(X)) : x € X}, where Ta, la, Fa are functions
from X to [0, 1] and 0 < Ta(X) + Ia(X) + Fa(X) < 3.
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The set of all single valued neutrosophic sets over X is denoted by N(X).

Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued
neutrosophic set.

Definition 9.2.3: (Karatas and Kuru, 2016)

Let A,B € N(X). Then

(i)
(i)
(iii)
(iv)
v)
(vi)

(Inclusion): If Ta(X) < Tg(x), 1a(X) = Is(X), Fa(X) = Fg(x) for all x € X
then A issaid to be a neutrosophic subset of B and which is denoted by A =
B.

(Equality): If A< B and B < A then A =B.

(Intersection): The intersection of A and B, denoted by A N B, is defined as A
N B ={(X, TaA(X) A Te(X), la(X) V Ig(X), Fa(X) V Fe(X)) : x € X}.
(Union): The union of A and B, denoted by AU B, is defined as AU B = {(X,
Ta(X) VTe(X), 1a(X) A 1s(X), FA(X) A Fe(X)) : X € X}.

(Complement): The complement of the NS A, denoted by A¢, is defined as
A¢ = {(X, FA(X), 1 — Ia(X), Ta(X)) : x € X}

(Universal Set): If Ta(x) = 1, Ia(X) = 0, Fa(x) = 0 for all x € X then A is
said to beneutrosophic universal set and which is denoted by X.

(vii) (Empty Set): If Ta(x) = 0, 1a(X) = 1,Fa(x) = 1 for all x € X then A is

said to be neutrosophic empty set and which is denoted by 0.

Definition 9.2.4: (Salama and Alblowi, 2012)

Let {Ai: 1 €A} < N(X), where Ais an index set. Then

(i)
(i)

Uiea Ai = {{X, VieaTaj (X), Niealaj (X), AieaFaj (X)) : x € X}.
Niea Ai = {{X, NieaTaj (X), Viealaj (X), VieaFaj (X)) : x € X}.

Definition 9.2.5: (Karatas and Kuru, 2016)

Let z € N(X). Then 7 is called a neutrosophic topology on X if

(i)
(i)
(iii)

If z

¢ and X belong to .
An arbitrary union of neutrosophic sets in z is in z.
The intersection of any two neutrosophic sets in zis in z.

is a neutrosophic topology on X then the pair (X, 7) is called a neutrosophic

topological space (NTS, for short) over X. The members of r are called neutrosophic
open sets in X. If for a neutrosophic set A, A° € z then A is said to be a neutrosophic
closed set in X.
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Definition 9.2.6: (Karatas and Kuru, 2016)
Let (X,7) be a NTS and A € N(X). Then the neutrosophic

(i) interior of A, denoted by int(A), is defined as intf(A) = U{G : G €7 and G S
A}.
(ii) closure of A, denoted by cl(A), is defined as cl(A) =N{G : G €7z and G 2
A}.

9.3 Main Results:
Definition 9.3.1:

Let (X, 7) be an NTS. A non-empty NS A € N(X) is called a neutrosophic i-open
set (NiO set, for short) in X iff A = 0 or there exists a neutrosophic open set G #
9 such that G < int(A).

An NS G is called a neutrosophic i-closed set (NiC set, for short) iff G¢ is
neutrosophic i-open set.

The collection of all the neutrosophic i-open sets of the NTS (X, z) will be denoted
by NiO(X).

Example 9.3.1: Let X = {a,b}andr= {(7),>~(, A}, where A = {{a,1,0,0), (b, 0.5,
0.4,0.3)}. Obviously (X, 7) is an NTS. Let us consider the NSs C = {(a,0,1,1),
(b,1,0,0)} and D ={(a,1,0,0),(b,0.7,0.3,0.2)} over X. Now int(C) = ¢ and int(D)
= A. Clearly D isan NiO set but C is not an NiO set in X.

Proposition 9.3.1:

(i) Every neutrosophic open set in an NTS is an NiO set.
(i) Every neutrosophic closed set in an NTS is an NiC set.

Proof:

() Let(X, r)bean NTSand A€z If A = 0 then by definition, Aisan NiO set. If A #

@ then as A = int(A), so, there exists anon-empty neutrosophic open set A
such that A < int(A). Therefore, A is an NiO set. Hence proved.

(i) Let (X, 7) be an NTS and A be a neutrosophic closed set. Then A® is a
neutrosophicopen set and so, A° is an NiO set [by (i)] and therefore, A is an
NiC set.

Remark 9.3.1: Converse of the proposition 9.3.1 is not true. We show it by the
following counterexample.
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Let X = {a,b}andz= {0, X, A}, where A = {(a, 1,0, 0), (b, 0.5,0.4,0.3)}. Obviously
(X,7) is an NTS. Let us consider the NSs E = {{(a, 1,0,0),(b,0.7,0.3,0.2)} and
F = {(a,0,1,1),(b,0.2,0.7,0.7)} over X. Now int(E) = A. Clearly E isanNiO set
in X but it is not a neutrosophic open set. Again F¢ = E, which is an NiO set.
Therefore, F is an NiC set. But F is clearly not a neutrosophic closed set.

Proposition 9.3.2: In an NTS, union of an arbitrary collection of NiO sets is an
NiO set.

Proof: Let (X,7) be an NTS and A ={G, : 4 € A} be an arbitrary collection of
NiO sets in X, where A is an index set. If Uzea G, = @ then by definition, Uae a» G isan
NiO set. If Uzea G, # O thenwetaketheset B = (G, € 4: G, # 8 }.Since G, is a non-empty
NiO set, so there exists a non-empty neutrosophic open set H; for each G, 1, € A,
such that H, < int(G,). Now H, < int(G,) = Uy, H, S U, IN(G,)=

Uies By € iNt(Ua,, Gi) = U, Hi, S iNt(Use s G2). Since for each 4, €A, Hy, # 0,

SO Up,c, Hiy £0. AlsouU Area M, € T Thus, there exists a non-empty neutrosophic open set
Ul,en i such that Uy, Hy, S int(Use s G). Therefore Usea Ga is an NiO set.
Hence proved.

Remark 9.3.2: In an NTS, intersection of two NiO sets may not be an NiO set.
We establish it by thefollowing counterexample.

Let us consider the NTS (X, ), where X= {a,b}, = {(7), X, A, B} A=
{(a,1,0,0),(b,0,1,1)} and B= {(a,0,1,1),(b,1,0,0)}. Let wus take the
neutrosophic sets C = {(a, 1, 0, 0), (b, 0.7, 0.3, 0.2)}and D ={(a, 0.3,0.2, 0.1), (b, 1,
0, 0)} over X. Clearly C and D are NiO sets in X. Now CND = {(a,0.3,0.2,0.1),
(b,0.7,0.3,0.2)} = int(C N D) = 9. Clearly there is no non-empty neutrosophic
open set G in X such that G < int(C N D). Therefore,C N D is not an NiO set in
X.

Proposition 9.3.3: In an NTS, intersection of an arbitrary collection of NiC sets
is an NiC set.

Proof: Let (X,7) be an NTS and {G,: 4 € A} be an arbitrary collectioniof NiC
sets in X, where o is an index set."Then G¢is an NiO set for each 1 € A’= Ujea
G¢ is an NiO set [by 9.3.2] = (Nea G,)¢ is an NiO set = N;ea G, is an NiC set.
Hence proved.

Remark 9.3.3:

In an NTS, union of two NiC sets may not be an NiC set. We establish it by the
following counterexample.

Let us consider the NTS (X, 1), where X ={a, b}, r={(7), X, A, B}, A=
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{(a,1,0,0),(b,0,1,1)} and B= {(a,0,1,1),(b,1,0,0)}. Letus take the neutrosophic
sets E= {(a,0, 1, 1),(b,0.2,0.7,0.7)}and F = {(a,0.1,0.8,0.3),(b,0,1, 1)} over
X. Clearly E and F are NiC sets in X. Now E U F = {(a,0.1,0.8,0.3), (b, 0.2,
0.7,0.7)} = (E U F)* ={{(a,0.3,0.2,0.1), (b,0.7,0.3,0.2)} = int((E U F)°) = 0.
Clearly there is no non-empty neutrosophic open set G in X such that G < int((E
U F)©). Therefore (E U F)¢ is not an NiO setin X and so, E U F is not an NiC
set in X.

Definition 9.3.2: Let (X,7) be an NTS and A € N(X). Then the neutrosophic i-
closure of A, denoted by Nicl(A), is defined as Nicl(A) = N{G : G is an NiC set
in X and G 2 A}.

Proposition 9.3.4: Let (X,7) be an NTS and A € N(X). Then the following hold.

(i) Nicl(A) is an NiC set

(ii) A < Nicl(A).

(ifi)  A'is an NiC set iff A = Nicl(A).
(iv) Nicl(@) = §

(v) Nicl(X) = X

(vi) Nicl(Nicl(A)) = Nicl(A)

Proof:

(i) Since Nicl(A) is the intersection of NiC sets, so by prop. 9.3.3, Nicl(A) is
an NiC set.

(if)  Since Nicl(A) is the intersection of all NiC sets containing A, so A < Nicl(A).

(iii) We know Nicl(A) = N{G : G is an NiC set in X and G =2 A}. Suppose that
Ais an NiC set. Since A 2 A and A is an NiC set, so Nicl(A) € A. Again A
< Nicl(A) [by (iD)]. Therefore A = Nicl(A). Conversely if A = Nicl(A) then
A is an NiC set as Nicl(A) is anNiC set [by (i)]. Hence proved.

(iv) Since every neutrosophic closed set is an NiC set, so 9 is an NiC set and
therefore by (iii), Nicl(®) = 0.

(v) Since every neutrosophic closed set is an NiC set, so X is an NiC set and
therefore by (iii), Nicl(X) = X.

(vi) Since by (i), Nicl(A) is an NiC set, so by (iii), Nicl(Nicl(A)) = Nicl(A).

Proposition 9.3.5:
Let (X,7) be a NTS and A,B € N(X). Then the following hold.
(i) A < B = Nicl(A) < Nicl(B)

(iv) Nicl(A U B) 2 Nicl(A) U Nicl(B).
(v) Nicl(A N B) < Nicl(A) N Nicl(B).
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Proof: (i) A € B and B < Nicl(B), so A < Nicl(B). Since Nicl(B) is an NiC
set suchthat A < Nicl(B), so Nicl(A) < Nicl(B).

(ii) AA U B = Nicl(A) < Nicl(A u B). Similarly, Nicl(B) <
Nicl(AuB). Therefore Nicl(A U B) 2 Nicl(A) U Nicl(B).

(i) AN B < A = Nicl(A N B) < Nicl(A). Similarly Nicl(A N B) <
Nicl(B). Therefore Nicl(A N B) < Nicl(A) N Nicl(B).

Definition 9.3.3: Let (X, 7) be an NTS and A € N(X). Then the neutrosophic i-
interior of A, denoted by Niint(A), is defined as Niint(A) = U{G : G is an NiO
setin X and G < A}.

Proposition 9.3.6:
Let (X,7) be an NTS and A,B € N(X). Then the following hold.

) Niint(A) is an NiO set.

(i)  Niint(A) € A

(i) Ais an NiO set iff A = Niint(A).
(iv)  Niint(@) = 0

(v)  Niint(X) = X

(vi)  Niint(Niint(A)) = Niint(A)

Proof:

i) Since Niint(A) is the union of NiO sets, so by 9.3.2, Niint(A) is an NiO set.

i) Since Niint(A) is the union of all NiO sets contained in A, so Niint(A) € A.

iii) We know Niint(A) = U{G : Gisa NiO setin X and G < A}. Suppose that A
is an NiO set. Since A < A and A is an NiO set, so A < Niint(A). Again
Niint(A) < A [by (ii)]. Therefore A = Niint(A). Conversely if A = Niint(A)
then A is an NiO set as Niint(A) is NiO set [by (i)]. Hence proved.

iv) Since every neutrosophic open setisan NiO set, so 0 is a NiO set and therefore by
(iii), Niint(@) = 0.

v) Since every neutrosophic open setisan NiO set, so X is a NiO set and therefore by
(i), Niint(X) = X.

vi) Since by (i), Niint(A) is an NiO set, so by (iii), Niint(Niint(A)) = Niint(A).

Proposition 9.3.7:
Let (X,7) be an NTS and A,B € N(X). Then the following hold.
(i) A < B = Niint(A) < Niint(B)

(i) Niint(A U B) 2 Niint(A) U Niint(B).
(iii) Niint(A N B) < Niint(A) N Niint(B).
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Proof:

(1) Since A < B and Niint(A) € A, so Niint(A) < B. Since Niint(A) is an
NiOset such that Niint(A) < B and since Niint(B) is the largest NiO set
contained in B, so Niint(A) < Niint(B).

(i) A < AuB = Niint(A) < Niint(AuB). Similarly, Niint(B) < Niint(AUB).
Therefore Niint(A U B) 2 Niint(A) U Niint(B).

(iii)  ANB < A = Niint(ANB) < Niint(A). Similarly, Niintf(ANB) < Niint(B).
Therefore, Niint(A N B) < Niint(A) N Niint(B).

Proposition 9.3.8:
Let (X,7) be an NTS and A,B € N(X). Then the following hold.

(i)  (Nicl(A))° = Niint(A°)
(i) Nicl(A°) = (Niint(A))°.

Proof:

(i) We have Nicl(A) = N{G : Gisan NiC set in X and A € G} = (Nicl(A))¢
=(N{G:Gisan NiC setin X and A € G})¢ = (Nicl(A))* = u{G°: G°is
an NiO set in X and G°® < A°} = (Nicl(A))° = Niint(A°).

(ii) Replacing A by Acin (i), we get (Nicl(A))¢ = Niint((A°)°) = (Nicl(A%))c
= Niint(A) = Nicl(A°) = (Niint(A))e°.

Hence proved.
9.4 Conclusion:

In this article, we have introduced the concepts of neutrosophic i-open sets and neutrosophic
i-closed sets within the context of neutrosophic topological spaces and examine their
fundamental properties. We have shown that every neutrosophic open (respectively,
neutrosophic closed) set qualifies as a neutrosophic i-open (respectively, neutrosophic i-
closed) set. Our study also reveals that the intersection (respectively, union) of two
neutrosophic i-open sets (respectively, i-closed sets) is not necessarily neutrosophic i-open
(respectively, i-closed) set, challenging traditional notions in neutrosophic topology.
Additionally, we have defined the neutrosophic i-interior and neutrosophic i-closure of a
neutrosophic set and explore some of their properties.

In future research, we aim to explore new concepts building on these foundations. We hope
that the findings in this article will encourage further advancements in various aspects of
neutrosophic topology, supporting the progress of research in this field.
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with this article.

106



On Neutrosophic i-Open Set

9.5 References:

1.

10.

11.

12.

13.

14.

15.

16.

Arokiarani, I.; Dhavaseelan, R.; Jafari, S.; Parimala, M. (2017), On Some New
Notions and Functions in Neutrosophic Topological Space. Neutrosophic Sets
and Systems, 16, 16-19.

Al-Omari, W.; Jafari, S. (2018), On Generalized Closed Sets and Generalized
Pre-Closed Sets in Neutro- sophic Topological Spaces. Mathematics, 7(1), 1-
12.

Abdel-Basset, M.; Gamal, A.; Chakrabortty, R.K.; Ryan, M.J. (2020),
Evaluation of sustainable hydrogen production options using an advanced hybrid
MCDM approach: A case study. International Journal of Hydrogen Energy,
DOI: 10.1016/j.ijhydene.2020.10.232.

Abdel-Basset, M.; Gamal, A.; Chakrabortty, R.K.; Ryan, M.J. (2020),
Evaluation of sustainable hydrogen production options using an advanced hybrid
MCDM approach: A case study. International Journal of Hydrogen Energy,
DOI: 10.1016/j.ijhydene.2020.10.232.

Coker, D. (1997), An introduction to intuitionistic fuzzy topological spaces,
Fuzzy Sets and Systems, 88, 81-89.

Das, S.; Pramanik, S. (2020), Generalized neutrosophic b-open sets in neutrosophic
topological space. Neutrosophic Sets and Systems, 38, 235-243.

Das, S.; Tripathy, B.C. (2021), Neutrosophic Simply b-Open Set in
Neutrosophic Topological Spaces. Iragi Journal of Science, 62(12), 4830-4838.
Dey. S; Ray, G.C. (2022), Covering properties in Neutrosophic Topological
Spaces. Neutrosophic Sets and Systems, 51, 525-537.

Dey. S; Ray, G.C. (2022), Redefined neutrosophic composite relation and its
application in medical diag- nosis. Int. J. Nonlinear Anal. Appl., 13(Special
issue for ICDACT-2021), 43-52.

Ebenanjar, P.E.; Immaculate, H.J.; Wilfred, C B. (2018), On Neutrosophic b-
open sets in Neutrosophic topological space. J.Phys.: Conf. Ser.1139 012062,
International Conference on Applied and Computational Mathematics 2018,
Tamilnadu, India, 10 Awugust, [OP Publishing, doi:10.1088/1742-
6596/1139/1/012062.

Guo, Y.; Cheng, H.D. (2009), New neutrosophic approach to image
segmentation. Pattern Recognition, 42, 587-595.

Ishwarya, P.; Bageerathi, K. (2016). On Neutrosophic Semi-Open sets in
Neutrosophic Topological Spaces. International Journal of Math. Trends and
Tech., 37(3), 214-223.

Jayanthi, D. (2018). a Generalized Closed Sets in Neutrosophic Topological
Spaces. IIMTT- Special IssueICRMIT, 28, 88-91.

Karatas, S.; Kuru, C. (2016). Neutrosophic Topology. Neutrosophic Sets and
Systems, 13(1), 90-95.

Maheswari, C.; Sathyabama, M.; Chandrasekar, S. (2018). Neutrosophic
generalized b-closed sets in Neu- trosophic topological Spaces. Journal of
Physics: Conference Series 1139 012065, International Conference on Applied
and Computational Mathematics 10 August 2018, Tamilnadu, India, 10P
Publishing, DOI 10.1088/1742-6596/1139/1/012065.

Puvaneswari, P.J.; Bageerathi, K. (2017), On Neutrosophic Feebly Open Set
in Neutrosophic Topological Spaces. IJMTT, 41(3), 230-237.

107



Science and Technology for Sustainable Future

17.

18.

19.

20.

21.

22.

23.

24,

25.

Priya, V. B.; Chandrasekar, S.; Suresh, M.; Anbalagan, S. (2022), Neutrosophic
oGS Closed Sets in Neutrosophic Topological Spaces. Neutrosophic Sets and
Systems, 49, 375-388.

Rao, V.V.; Rao, Y.S. (2017), Neutrosophic Pre-open Sets and Pre-closed Sets in
Neutrosophic Topology. International Journal of ChemTech Research, 10(10),
449-458.

Smarandache, F. (1999), A Unifying Field in Logics: Neutrosophic Logic.
Neutrosophy, Neutrosophic Set, Neutrosophic Probability. American
Research Press, Rehoboth, NM.

Smarandache, F. (2002), Neutrosophy and neutrosophic logic. First international
conference on neutrosophy, neutrosophic logic, set, probability, and statistics,
University of New Mexico, Gallup, NM 87301, USA.

Smarandache, F. (2005), Neutrosophic set - a generalization of the intuitionistic
fuzzy set. International Journal of Pure and Applied Mathematics, 24(3), 287-
297.

Salama, A. A.; Alblowi, S. (2012), Neutrosophic set and Neutrosophic
Topological Spaces. IOSR Journalof Mathematics, 3(4), 31-35.

Salama, A. A.; Alblowi, S. (2012), Generalized neutrosophic set and generalized
neutrosophic topological spaces. Computer Science and Engineering, 2(7), 129-
132.

Salama, A. A.; Smarandache, F.; Kroumov, V. (2014), Neutrosophic Closed
Set and Neutrosophic Con- tinuous Functions. Neutrosophic Sets and
Systems, 4, 4-8.

Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. (2010), Single
valued neutrosophic sets. Multispace Multistruct, 4, 410-413.

108



