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Abstract:

| first define some notion of (o, w,a) and (b_n,a,y,a)- weak contractive mapping with a-
admissible function in dislocated quasi modular metric space endowed with graph. Using
this definition to formulate subsequently new results that may generalize and modify some
existing results in the literature. Finally, | supply an example of our result for the existence
of solution. Presented results would develop, modify and extend several results in the
literature.
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11.1 Introduction:

Fixed point theory despite its expanded scope generalization giving the researchers in
condensed from not only a wide range but also applicable in a rapidly growing field. Among
the different generalizations, Matthew, in 1994 coined the idea of the self-distance d(x, x)
is not necessarily zero in partial metric space. Nakano, 1950 coined a new idea of modular
in 1950. Christyokov (Chistyakov, 2010a; Chistyakov, 2010b) then developed a new idea
of modular metric space having a physical interpretation and established fixed point results
in this space. Dislocated quasi-metric is a generalization of the concept of metric spaces.
Hitzler (Hitzler, 2001) and Seda (Seda, 2000), introduced dislocated metric space.

Then Zeyada (Zeyada et al.,, 2006) developed dislocated quasi-metric space and its
applications playes an important role in different field like electronic engineering, logic
programming etc. and development the literature. Combining these concept Ghosh (Ghosh
et al., 2021) deduced dislocated quasi-metric modular space (dgm-metric space). Samet
(Samet et al., 2012; Samet et al., 2013) coined the concept of a— admissible mappings.

Later on Karapinar (Karapinar et al., 2014) developed the concept with triangular a —
admissible mappings. In this way the study of i — contraction mappings are widely
researched and extended with the enrichment of the literature. In Erdal, 2013, a hew concept
on (a — ) contraction mapping without Hausdorffness is developed in generalized quasi-
metric space.
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Metric Spaces: A Brief Introduction

There are many results on contraction conditions such (¥, ¢) — contraction, ¢ —
contraction, F — contraction etc. were introduced and developed by the researchers and
prove different interesting results in the area of Fixed point theorem and enrich the literature
from last few decades (we refer the reader (Vetro, 2013; Erdal, 2014; Berinde, 2008;
Berinde, 2010a; Berinde, 2010b; Karapinar, 2014). It reveals from the literature the
successful reporting of fixed point results and their applications in dislocated quasi-metric
space as well as dislocated quasi-modular metric space. A vast possibility of this space in
the utilization in fixed point theory and new results may bring a generalized way in the field
of application such as integral equation, electronic engineering, logical programming,
problems in dynamic programming etc.

In this work we investigate existence and uniqueness of a fixed point in quasi modular
(a,, a) — weak contraction and quasi modular (b, @, ¥, a) — weak contraction mapping
in dgm-modular space that generalized several recent results in the literature without the
assumption of Hausedorffness.

11.2 Preliminaries:

In order to study fixed point problems on dgm-metric spaces the following basic definitions
related to continuity and convergence are needed. We recall these definitions those are
useful in the sequel.

Definition 1 (Das et al., 2021; Ozturk and Girgin, 2017)

Let M + @ and &, u € (0, o). A real function 0: (0,0) x M X M — [0, co) of ordered pair
of elements of M satisfying the following two conditions for all p,q,r € M

1. 0¢(p,q) = O¢(q,p) =0 forall E>0=>p=gq
2. Og,(P,q) < Og(p,7) + 0, (r,q) forall &,u>0

and the pair consisting of two objects M, and @, is called a dislocated quasi modular metric
space (dgm- metric space).

If the first condition in the above definition is replaced by ©¢(p, q) = 0 for all £ > 0 then
© is called pseudo quasi metric modular and in this case the mapping & — Oz(p, q) is
decreasing on (0, o). Further it is called a regular if the same condition is replaced by
Os(p,q) = 0 for some £ > 0 = p = q. O is called Non-Archimedian (Vetro et al., 2013)
if the second condition is replaced by

emax{f,u}(pr CI) < Gf (p' T) + Gu (T, CI)

A dgm-metric space induced a metric space defined by 0,, = max{0,(p,q),0.(q,q)}
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Definition 2 (Ozturk and Girgin, 2017)

Let (Mg, ©;) be a dgm- metric space and {p,} S M. Then the sequence {p,} is a Cauchy
sequence if 1m0, (Pn, Pm) and lim 0;(pm, pr) both exists and finite.

n—-oo,
m>n m>n

Definition 3 (Ozturk and Girgin, 2017)

Let (My,0;) be a dgm- metric space and {p,} S M. Then the sequence {p,} is a
convergent sequence if there exists s € M such that

lim 0, (pn,s) = lim0O,(s,p,) = 0,(s,5).
n—->oo n—-oo
And we denote by the symbol lim p,, = s.
n—-oo

Definition 4 (Ozturk and Girgin, 2017)

Let (Mg, ©;) be a dgm- metric space and {p,,} € 0,. M, 0, is said to be complete if for any
Cauchy sequence {p,,} S M, there exists s € M such that

05(s,s) = %i_{{}o@a(Pn, s)

lim 8/1(5; Pn)
n-oo

Aim 0, (P, Pm)

m>n

Aim 0, (Pm, Pn)

m>n

Definition 5 (Vetro et al., 2012)

Leta: M X M — [0, o0) be a mapping, a mapping T: M — M is said to be « — admissible if
a(p,q) =21= a(Tp,Tq) = 1forallp,q € M.

Definition 6 (Ozturk and Girgin, 2017)

Let a:M x M - R* be a mapping, a mapping T: M — M is said to be sequentially a —
admissible if there exists a sub-sequence {p,, } of the sequence {p,} < M with limp, =n
n—oo

and a(pn+1,pn) 21 and a(pp, Pry) 21 = a(pnkr p) = 1and

a(p,pn,) = 1forallp,q € M,k,n € N.
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Metric Spaces: A Brief Introduction
Definition 7 Lety: R} — R{ be a non-decreasing mapping and Y, v, is a convergent series
of positive terms such that ™*1(t) < Y™ (t) + v, foralln >minNand forall t € R U
{0} then X0, Y™ (t) < oo for all t > 0. The function v is called compression function.
We denote all such functions by ¥,. Clearly, ¥ (t) < t forall t > 0 and y(0) = 0.
11.3 Main Result:

Definition 8:

Let (Mg, ©;) be a dgm-metric space. A self mapping T: My, — M, is called a quasi modular
(a,, a) — weak contractive if

a(p,q)0,(Tp, Tq) < Y(O(p,q)) + ap(M(p,q)) 1)

where M(p, q) = min{0n (p,Tq), Onm(q,Tp), On(p,Tp), 0 (Tq,q)},a =0 and ¥ is a
comparision function .

Theorem 1:

Let (Mg, ;) be a complete dqm-metric space and T: M, — M, satisfying the following
conditions

1. T is quasi modular (a,y, a) — weak contractive
2. Tis a— admissible
3. there exists p, € Mg such that a(po, Tpy) = 1 and a(Tpg,po) = 1
Then T has a unique fixed point in Mg.
Proof. We construct an iterative sequence {p,} of points in Mg by setting p,4+1 =

Tpn, m € NU{0}. If for some n, € N U {0} such that p,, .1 = py, then we have nothing
to do. So, let p,,;1 # p, foralln € N U {0}.

We choose pg € Mg such that a(pg, Tpy) = 1 and a(Tpy, po) = 1. Then by condition (2)
one can get,

a(Pn,Pn+1) =1, nEN,

and

a(pn+1:pn) = 1: ne N0
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NOW, as M(pn' pn—l) = min{@m(pn: pn)' Gm (pn—l' pn+1): E')m (pnr pn+1)' G)m(pn' pn—l)}

So,
01(Pn+1,Pn) = 01(TPn, TPn-1)
< a(Pn, Pn-1)01(TPn, TPn-1)
< Y(O1(Pn, Pn-1)) + ap(M (P, Pn-1))

=Y (0,(Pn Pn-1))

Because of ¥ is non-decreasing, by induction one can have

01 (Pr+1,Pn) S YW (O1(PrPn-1)) < Y*(03(Pn-1,Pn-2)) < = < Y™ (01(p1,P0))

Thus

0, (Pn+1,Pn) < P (O1(p1,P0)) )

By the same analogy one can deduce that

02 (Pn, Prs1) < P (O1(po, P1)) 3)

Letting n — oo we have,
1im ©3(Pn+1,Pn) = 0 = lim ©3(pn, Pr+1)
Next to show that {p, } is a Cauchy sequence.
For that, let m,n, € N such that m > n. Then
02(Pn Pm) = Omaxan,...13(Pn Pm)
< 03(PnsPn-1) + 02(Pn—1,Pn-2) + -+ O1(Pm+1,Pm)
< Xiom 02(Piv1, P
< Yo @(Pi Pi-1)03(Pi+1, Di)

< Yo Y0, (1, po)) + ayptt (M (p1, o))
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< Z?;r}l Y1 (0, (1, po))

Since 1 is Comparison function so, X2, 1*1(0,(p1,po)) is convergent. Thus for a pre-
assign positive number €, however small there exists n € N such that

2 m P01 p0)) <€, Y m=N

Hence,

O3 (Pn Pm) < Xm W (O1(P1,00)) < X2 Y (02(p1,P0)) < €
In the same manner
02 (Pn, Pm) < X ¥ (01(Po, p1)) < X2y V(01 (Posp1)) < €

Therefore, {p,} is a Cauchy sequence. By completeness of (Mg, ©,), there exists u € Mg
such that

lim 03 (py, u) = lim 0;(w, pp) = lim ©;(pn, ) = lim O3 (Pm, pn) = 0
Now by inequality (3.1) one have,
03(pn, Tu) = 03(Tpn-1,Tu)
< a(Pn-1,u)01(Pn-1,u)
S Y(O(Pn-1,u)) + ap(M(pp-1,u))
< P(01(Pn-1,w))ap(Min{®p, (Pr—1, TW), O (W, Pn), O (Pn—1, P), O (T, 1)})

Allowing limit as n — oo, one can have lim 0, (p,, Tu) = 0. Similarly, lim 0, (Tu, p,) =
n—-oo n—-oo
0 This reveals that p,, is convergent to Tu. By uniqueness of limit Tu = u.

Uniqueness: If possible suppose that u, v be two fixed points. Then Tu = u and Tv = v.
By contraction condition (3.1) one can get,

0,(w,v) = 0,(Ty, Tv)
< a(u,v)0;(u,v)

< Y(0,(w,v)) + ap(M(u, v))
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<YO(w,v)) +
ay(min{0,, (u, Tv), 0,,(v, Tw), 0,,(u, Tw), ©,,(Tv,v)})

=Y (0(w, v))

If 0;(u,v) >0 then 0,(u,v) <yYP(0,(w,v)) < 0O;(u,v) which is a contradiction.
Therefore ©;(u, v) = u = v. This proves the uniqueness.

Remark 1 If we impose an extra condition that T is continuous. Then also T has an unique
fixed point fu = u and it can be obtained by considering the continuity of T as follows:

u= limpy,, = lim fp, = fu
n-oo n—-oo

Definition 9 Let (Mg, ©;) be a dgm-metric space. A self mapping T: My — M, is called a
quasi modular (b, a,, a) — weak contractive if

a(p,q)0,(Tp, Tq) < byp(N(p, q)) + ap(M(p, q)) 4)

where Y.o°_; b, with 1 > b, > 0 is an infinite series of positive terms, a > 0, is
a comparision function and

] ,T 0,(q,T
N(p.q) = max{0;(p, q), 01(p, Tp), 0;(q, Tq), 2222010}

M(p,q) = min{0,,(p,Tq), ©1,(q, TP), O (P, Tp), 0., (Tq, )}

Theorem 2 Let (My, ©;) be a complete dgm-metric space and T: M, — M, satisfying the
following conditions

1. T is quasi modular (b, a, ¥, a) — weak contraction
2. T is a — admissible
3. there exists p, € Mg such that a(pg, Tpg) = 1 and a(Tpg, po) = 1
Then T has a unique fixed point in Mg

Proof. We construct an iterative sequence {p,} of points in Mg by setting p,+1 =
Tp,, n € NU{0} = N,. If forsomer € NU {0} = N, such that p,.,; = p, then we have
nothing to do. So, let p,,4+1 # p, foralln € N U {0} = N,.

We choose py, € Mg such that a(py, Tpg) = 1 and a(Tpy, po) = 1. Then by condition (2)
one can get,

a(pn:pn+1) = 1: ne N0
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and

a(Pr+1,Pn) 21, nENg

Now, as

M (pn—-1,0n) = Min{O,; (Pn-1,Pn+1), Om@ns Pn)s Om (Pn-1,Pn)s Om (Pn+1, Pn)}
and N(pn-1,Pn) =

@ n—uen +® nPn
maX{@A(pn—ll pn): @l(pn—l; pn)y @A(pn’pn+1), A(p 1P +;) l(p D )}

91(Pn—1fpn+1)}

= max {Gl(pn—l'pn)' O01(Pns Prs1) 5

01(Pn-1.Pn) +®A(pnvpn+1)}

max {@A (pn—l' pn)' @A(pn' pn+1): 2

max{0; (Pn-1,Pn), ©2(Pn, Pn+1)}
Therefore,
01 (Pns Pn+1) = ©01(TPn-1,TPn)
< a(Pn-1,Pn)O1(TPn-1,TPn)
< b (N(TPn-1,Tpn)) + ap(M(Tpn-1,Tpn))
= b (N(TPp-1,TPn))
If N(pn-1,Pn) = max{03(Pn-1,Pn), ©2(Pn, Pn+1)} = ©2(Pn, Pn+1) Then
01(Prs Pn+1) < bpP (01 (Pn, Pr+1)) < bn®x (P, Pr+1)

This is a contradiction because of the fact b, < 1.

Therefore, N(pn—b Pn) = maX{@/l (Pn-1,Pn), 03 (pnf pn+1)} = 01(Pn-1,Pn)-
Hence

O1(Prs Prs1) < bn©3(Pn-1,0n) (5)
Again,

M(pn: pn—l) = min{@m(pn' pn)' Gm (pn—l' pn+1)' G)m (pn' pn+1): G)m(pn' pn—l)}

and
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N(Pn, Pn-1)
= max {@A(pn: Pn-1), 01(Pn, Pn+1), ©2(Pn—1, Pn),

Ql(pnr pn) + Gl(pn—l' pn+1)}
2

01 (Pn-1.Pn
= max {Ol (pn' pn—l)» 91 (pn: Pn+1)v G)l (pn—l' Pn)' w}

@ n—1veEn +® wENn
max{gl(pn:pn—l): G)/l(pn:pn+1)' G)A(pn—lwpn): 2PnyP )2 2(PrP +1)}

= max{0; (Pn, Pn-1), O2(Pn, Pn+1), 02 (Pn-1,Pn) }
So, inequality (3.5) implies that,
03(Pn+1,Pn) < bumax{0; (P, Pr-1), 02 (Pn-1,Pn)} (6)

Again from inequality (3.5) one will have,

01(Pn Pr+1) < bn03(Pn-1,Pn)

< bpymax{0, (Pp—1,Pn), 01 (P, Pn-1)} ()
From (3.6) and (3.7) one have,

max{0; (Pn, Pn+1), Oa(Pn+1, Pn)} < bpmax{®; (Pp—1, Pn), O2(Pn, Pr-1)}
Implying that,

max{el (pn' pn+1)r Ol (pn+1: pn)} <
bnmax{g)l (pn—lr pn)r 6/1 (pn' pn—l)}

< bymax{0; (po, P1), ©1(P1,00)}

Hence one have,

G)/l(pn: pn+1) < an (8)

and

@A(pn+1:pn) < an (9)
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Where K = max{0;(pn, Pn-1),01(Pn-1,pn)}- Now we show that {p,} is Cauchy
sequence. Let m,n € N with m > n. Then using (3.8) one can get,

O2(Prs Pm) = Omax{aa,...23(Pnr Pm)
< n(Pp, Pn-1) + N(Pn-1,Pn-2) + =+ O1(Pm+1, Pm)
< Xiom 03(Pir1, )
< Y (@@ pi-) 02 (Pi+1, )}
< o b + ap™ (M (p1, Do)}
<Yl bitik
<2, bitK
Since YX%_; b5 being an infinite series with b,, < 1, is convergent. So, for given a positive

pre-assign number € however small a positive number N € N can be found such that,
Yo bitl < % Therefore for all m,n, € N withn > m > N for which

Gl(pni pm) <e€

Similarly, by using (3.7) one can get, 0, (p,, pm) < € forallm >n > N. Thus {p, } is both
left and right Cauchy and consequently a Cauchy sequence.

By completeness of (Mg, ©,), there exists u € Mg such that
lim ©3(py, u) = lim ©;(w, pp) = lim 6;(pn, ) = lim 63 (Pm, pn) = 0
By inequality (3. 4)
01(pn, Tu) = 03(Tpp-1,Tu)
< a(Pn-1, WO (Pn-1, 1)
< bpp(N(Pp—1, W) + ap(M (Pn—1, 1))

<
0)(Pn-1,Tu)+0 ,Pn
b (max {€;(Pn—1,1), 0 (Pn—1, Pn), O3 (u, Tw), PALn=2TITEACEY )

+ayp(min{©,, (Pn_1, Tw), 01, (W, Pp), Om (Pn—1, Pn), Om (Tu, u)})
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Allowing limit as n - c we get 0,(u,Tu) < b,0,(u,Tu) which is true only when
0, (u, Tu) = 0 because of the reason b,, < 1. So that Tu = u.

Uniqueness: If possible suppose that u, v be two fixed points. Then Tu = u and Tv = v.
By contraction condition (3.1) one can get,

0,(u,v) = 0,(Tu, Tv)
< a(u,v)0,(u,v)

< bpp(N(w, v)) + ap(M(w, v))

< by (max {@ 1(w,v),0,(u, Tw), 0, (v, Tv), Ol(u'”);@’l(um)})

+ap(min{0,, (u, Tv), 0,, (v, Tu), 0., (u, Tu), ©,,(Tv,v)})

- (maX {@A (W), c) A(u,Tv);-@/l(V,Tu)})

Similarly, ®,(v,u) < b,y (max {@,1(17, u), 9’1(“’”);@’1(”’”)}).

Thus

max{0;(u, v),0;(v,u)} <

b (max {0, (1w, v), 0; (v, u), AT

= bpy(max{0(u, v), 01 (v,w)})
< bymax{0;(u, v),0;(v,u)}
Because b < 1s0,0,(u,v) =0;(v,u) =0=>u=v.

Theorem 3 Let (Mg, ©;) be a complete dgm-metric space and T: My — M, satisfying the
following conditions

1. T is quasi modular (b,, a,, a) — weak contraction
2. there exists pg € Mg such that a(py, Tpg) = 1 and a(Tpg, po) = 1
3. Mg is sequentially @ — admissible.

Then T has a unique fixed point in Mg.
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Proof. As in Theorem 2 the iterative sequence defined therein such that lim p,, = u. Also,

n—-oo
A(Pn+1,Pn) = 1 and a(pp, Pns+1) = 1, n € Ny. By sequentially a — admissibility of Mg
there exists a sub-sequence {p,,} of the sequence {p,} S Mg With a(pni1,pn) =

1 and a(pppns1) =1= a(pnk,u) =1 and a(u,py,) =1 forall p,q € Mg, k,n €
N.

Let for a given arbitrary €>0 we choose n,, € N such that, the terms

G)l(pn' u)' 91 (u, pn): G)/l (pn' Tu)' 9/1 (Tu' pn)' 91 (pm' pn)' 9/1 (pn' pm) < % for m>n=
ng

o
So, for any k > kg by triangle inequality, one will have
0w, Tu) < 0; (W, Pry+1) + O1(Pny+1, TW

< =+ @(Ppy, w)O1 (TP, T1e)

< =+ b (N Py w)) + ap(M (pry,, 1))

where
N(pnk; u) =
0,(Pn, TW+0,(WDPn, +1)
max {G)A(pnk; u)l G))l (pnk: pnk+1), 92. (u’ Tu)’ Ny . ng+1 }
] ,Tu)+0 T +f
< max{%,@,l(u,'ru)’ APry “)2 2(WTw) 2}
< £402wTw)
2
and
M(pnk: u) =
min{G)m(Pnk. Tu), 0, (u, pnk+1), Gm(pnk: Pnk+1), 0, (Tu, u)}
<£
2

As € was arbitrary so, M (pp,,u) = 0
0x(w, Tw) < =+ by (%Mu))

€

< E + bn €+0;(u,Tu)

2
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€+0,(u,Tu)
2

<+
2
< 2e
But € > 0 was arbitrary so, 0, (u, Tu) = 0. Hence u is a fixed point of T.

Uniqueness: If possible suppose that u, v be two fixed points. Then Tu = u and Tv = v.
By contraction condition (3.1) one can get,

0,(u,v) = 0,(Tu, Tv)
< aB,(Tu,Tv)

= gl(Tu' pnk+1) + G)A(pnk+1r Tv)
< =+ @(Ppy, w)O1 (TP, TV)
< =+ by (N (pny, v)) + ap(M (pp, v))

Where N(pp,,v) < M and M(pn,,v) = 0. So that, ®;(u,v) = 0. In the same

manner 0,(v,u) = 0. Thus ©,(u,v) = 0;(v,u) =0=>u=v.
If we take a = 0 then the contraction condition in 4 becomes
a(p,q)0,(Tp, Tq) < byp(N(p, q)) (10)

Corollary 1 Let (Mg, ©;) be a complete dgm-metric space and T: M, — M, satisfying the
following conditions

() T is quasi modular (b, a, 3, a) — weak contraction
(i) T is a — admissible
(iii)  there exists py € Mg such that a(pgy, Tpo) = 1 and a(Tpy, po) = 1

Then T has a unique fixed point in Mg.
Example 3.1 Let X = My = {0,1,2} and 0,: X X X — [0, oo[ defined by
0,(0,0) =0, 0;(01) =1, 0,(02)=2, 0,;(1,0)=1,0,(1,1) =1,

0,(1,2) =2, 0,(20)=2, 0,(21)=3,0,(22) =4
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Then (X, 0;,) is a dgm-metric space. Define T: X - X by T(0) =0,T(1) =2,T(2) = 0.
Leta: X X X — [0, oo[ defined by

_ (0, x# lory #1
a(xy) = {1, otherwise

and Y (t) = % t = 0. Then T is quasi modular (b,, a, ¥, a) — weak contractive mapping

but not x = y = 1. Also other requirements of th2 are fulfilled. Hence T has a fixed point.
The fixed point of T is p = 0 here.

11.4 Fixed Point Theorem Endowed with Graph Theory:
Fixed point theory endow with graph plays prominent role in recent investigations in many
different aspects in the literature. In Let My be a dislocated quasi modular metric space and
A ={(i,i):i € My} diagonals of Mg X My. Let G be a directed graph such that V(G) and
E(G) be respectively its vertices set and edges set of the graph G which coincides and A c
E(G). The notion and terminology of graph theory one can find in any book of graph theory
(see [19, 20]).
If i and j are the vertices of G which connected then there is a path in G from i to j of length
n € N is a finite sequence of G {i,} of vertices such that i =iy, iy,....,i, =j and
(ix-1,ix) € E(G) fori = 1,2,....,n. Define G~1 by

E(G™) ={(i.)) € Mg X Mg: (j, 1) € E(G)}

If G denote the undirected graph obtained from G by dropping the direction of the edges of
G. Then

E(G) ={E(G)VE(G™)}

Let G; be the component of G with all edges and vertices of G. Denote a relation R in G
such that iRj if and only if there is a path from i to j for all i,j € V(G)

Definition 10;:

Let (Mg, w,) be a dislocated quasi modular metric space and A, B: Mg — My such that
A(Mg) S B(My). It is said G-type contractive mapping if

1. A preserves edges of G i.e. for all (i,j) € Mg X Mg: (i,j) € E(G) = (A(i),A(j)) €
E(G) and

2. A satisfies contractive condition

a(p,q)0,(Tp, Tq) < P(0,(p,q)) + ap(M(p, q)) 11)
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where M(p,q) = min{@n (p,Tq), O (q,TP), O (P, Tp), On(Tq,q)},a 2 0 and ¢ is a
comperision function .

Theorem 4 Let M, be a complete dislocated quasi modular metric space with a graph G.
Let A: My —» My and satisfies G-type contractive condition ell, where

M(p, q) = min{@,(p,Tq), Om(q, TP), 01 (p, TP), Om (Tq, @)},
and 1 is a comperision function. Then A has common unique fixed point.

Proof. Define a sequence {i,} € Mg by i) .1 = Ai, forall k € N. Let i, be a given point in
Mg, then (iy, Aiy) = (ip,i1) € E. Since A preserves the edges of G so,

(ip, i) € G(E) = (Aiy, Aiy) € G(E)
Continuing in this way we get (ix, ix+1) € E(G). Similarly, we can show that for

(iy,i0) € G(E) = (Aiy, Aiy) € G(E), ..., (i ix—1) € G(E) = (Aiys1, Aix) €
G(E)

By theorem 1 we can show that {i.} is left-Cauchy sequence as well as right-Cauchy
sequence. So by completeness there exists r € Mg such that lim 0,(i, 1) =
n—-oo

ii—{%o@’l(r’ in) =0.
We now show that r is our fixed point. By equation (4.1) we have

Ox(Ar,in+1) = 0, (Ar, Aly)

< a(r,i,)0,(4r, Ai,)

< P(0,(4r, Aip)) + ap(M(Ar, Aiy))
On permitting limit as n — oo one will obtain that,

O,(Ar, 1) = 0(r,Ar) =0=2Ar =71

Hence r is a fixed point of A.
Theorem 5 Let (M, ©,) be a complete dislocated quasi modular metric space with a graph
G. Let T:My, - My be a continuous self mapping satisfying contraction condtions, T

preserves edges of G i.e. forall (i,j) € Mgy X My: (i,j) € E(G) = (T(i),T(j)) € E(G) and

a(p,q)0;(Tp, Tq) < ay(0;(p,q)), 0 <a<1

Then T has unique fixed point.
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Proof. Let iy € Mg such that i, = Ti, forall k € N. Since T preserves the edges of G,
(ig,i1) € E(G) = (Tiy, Tiy) € E(G)
Continuing in this way we get (Tiy, Tix+1) € E(G). Similarly, we can show that for

(iy, io) € E(G) = (Tiy, Tiy) € E(G), ..., (i i—1) € E(G) = (Tixs1, Tix) €
E(G)

By theorem 1 we can show that {i;} is left-Cauchy sequence as well as right-Cauchy
sequence. So there exists r € Mg such that 7Prr(}o@,l(in,r) = rllinc}o@'l(r’ in) =0.

limi, =Tr =r.

n—oo

Uniqueness:
02(p, @) = 02(Tp, Tq)
< a(p, 9)0:(Tp, Tq)
< apM(p,q))
<P(@(r, 1)

Hence p = g.

11.5 References:

1. Berinde, V. (2008), General contractive fixed point theorems for Ciricé—type almost
contraction in metric spaces, Carpathian J. Math., 24: 10-19.

2. Berinde, V. (2010a), Common fixed points of non-commuting discontinuous weakly
contractive mappings in cone metric spaces, Fixed Point Theory Appl., 14: 1763-1776.

3. Berinde, V. (2010b), Approximation common fixed points of non-commuting almost
contractions in metric spaces, Fixed Point Theory Appl., 11: 179-188,

4. Bondy, J. A. and Murty, U. S. R. (1976), Graph theory with applications, American
Elsevier Publication Co., Inc., New York,

5. Chistyakov, V. V. (2010b), Modular metric space, Il: basic concepts, Nonlinear
Analysis, Theory method and application, 72: 15-30,.

6. Chistyakov, V. V. (2010a) Modular metric space, I: basic concepts, Nonlinear Analysis,
Theory method and application, 72: 1-14,.

7. Cvetkovicé, M. and Rakocevi¢, V. (2017), a— admissible contractions on quasi-metric-
like space, Advances in the theory of Nonlinear Analysis and its Application, 1(2): 113—
124,

8. Das, D. Ghosh, B. C. and Mishra, V. N. (2021), Some common fixed results on
dislocated quasi modular metric space via C-class and A-class function, (Accepted AIP
Publication).

135



Science and Technology for Sustainable Future

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

Erdal P. Karapinar, and Salimi, P. (2013), On (a—{s)-Meir Keeler contractive mappings
Fixed Point Theory and Application, 2013: 94.

Gross, J. I. and Yellen, J. (1999), Graph theory and its Application, CRC Press, New
York, NY, USA,

Hasan, G. H., Zeyada F. A. and Seda, A. K. (2006), In dislocated quasi metric spaces,
Arabian journal for Science and Engineering, 31: 111-114.

Hitzler, P. (2001), Generalized metrices and topology in logic programming semantics,
[Ph. D. thesis]. National University of Ireland (University College, Cork),

Hitzler, P. and Seda, A. K. (2000), Dislocated topologies, J. Electr. Eng., 51 (12): 3—
7,

Karapinar, E. and Lakzian, H. (2014), (a—)—contractive mappings on generalized
quasi metric spaces Journal of function spaces, Wiley Online Library, 2014: 1, 914398.
Karapinar, E. Bilgili, N. and Samet, B. (2014), Generalized a——contractive mappings
in quasi metric spaces and related fixed point theorems , J. Inequal. Appl., 36: 1-15,
Matthews, S. G. (1994) Partial metric topology, Ann. N. Y. Acad. Sci., 728, 183 -197.
Nakano, H. (1950), Modulared semi-ordered linear space, In Tokyo math Book Ser.
Oztiirk, M. and Girgin, E. (2013), («, B)——type contraction in non-Archimedian quasi
modular metric spaces and applications, Journal of Mathematical Analysis, 10: 19-30.
Paknazar, M. Kutbi, M. A. Demma, M. and Salimi, P. (2017), On non-Archimedian
modular metric space and some nonlinear contraction mappings, J. Nonlinear Sci. Appl.
Vetro, C. Samet B. and Vetro, P. (2012), o—{s contractive type mappings, Nonlinear
Analysis, 75: 2154-2165.

Vetro, C. Samet B. and Vetro, P. (2013), On a——Meri-Keeler contractive mappings,
Fixed Point Theory Appl., 94: 1. Vol. 1, Maruzen Company Tokyo, 1950 MR0038565.

136



